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ABSTRACT
This paper presents a critical assessment of the ability of existing Drucker-Prager (D-P) type plasticity models to
predict the behaviour of confined concrete using both experimental observations and a recent analytical model.
This assessment shows that for a D-P plasticity model to succeed in predicting the behaviour of FRP-confined
and other passively-confined concrete, it needs to possess the following three features: (a) a yield criterion which
includes the third deviatoric stress invariant, (b) a hardening/softening rule which is dependent on the confining
pressure; and (c) a flow rule which is dependent on both the confining pressure and the rate of confinement
increment. None of the existing D-P type models possesses all three features, so they cannot be expected to lead
to accurate predictions for both actively-confined and passively-confined (e.g. FRP-confined) concrete.
KEYWORDS
Confinement, concrete, FRP, plasticity, finite elements, modelling.
INTRODUCTION
The finite element (FE) method has been employed by many researchers to predict the behaviour of FRPconfined concrete elements. The accuracy of such predictions depends on the reliability of the constitutive model
adopted for the concrete. Many different concrete constitutive models have been employed in the analytical and
FE modelling of FRP-confined concrete elements. These constitutive models include plasticity models (e.g.
Karabinis and Kiousis 1994, 1996; Lan 1998; Fang 1999; Mirmiran et al. 2000; Shahawy et al. 2000; Mahfouz et
al. 2001; Karabinis and Rousakis 2002; Oh 2002; Malvar et al. 2004; Parvin and Jamwal 2006; Tsionis and Pinto
2007; Rousakis et al. 2007) and plastic-damage models (e.g. Luccioni and Rougier 2005; Huang 2005; Yan and
Pantelides 2006). Although some of the models (Luccioni and Rougier 2005; Huang 2005; Yan and Pantelides
2006) include damaged elasticity, a concrete plasticity model is common to all these constitutive models.
Although most of the existing papers on the FE modelling of FRP-confined concrete presented FE results which
are in close agreement with test results in terms of overall responses such as axial stress-strain curves, such close
agreement constitutes only the necessary but not the sufficient evidence for the accuracy and reliability of a
constitutive model. A plasticity model contains three distinct components: the yield criterion, the
hardening/softening rule and the flow rule, which all affect its performance in predicting the behaviour of FRPconfined concrete. Close predictions of test results may be achieved as a result of counteracting errors in the
three components. The fact that rather different plasticity models lead to similarly good predictions is clearly an
issue that needs to be clarified.
This paper aims to clarify the effects of the three key components of a Druker-Prager (D-P) type plasticity model
on its performance in predicting the behaviour of FRP-confined concrete and to identify the key characteristics a
D-P plasticity model must possess in order to provide close predictions of test results. The assessment is focused
on the D-P type concrete plasticity models because they have been widely used (e.g. Karabinis and Kiousis 1994,
1996; Karabinis and Rousakis 2002; Rousakis et al. 2007; Oh 2002; Mirmiran et al. 2000; Lan 1998; Fang 1999;
Mahfouz et al. 2001; Shahawy et al. 2000); the conclusions reached for such models are also relevant to other
plasticity models. The paper starts with a summary of the characteristics of confined concrete to provide a basis
for subsequent discussions. Existing D-P type plasticity models are then critically reviewed and assessed. To
simplify the discussions, the paper is limited to concrete subjected to uniform confinement as found in circular
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concrete sections, although the FE method is a more useful tool in studying the behaviour of non-uniformly
confined concrete in non-circular sections.
BEHAVIOUR OF CONFINED CONCRETE
It has been well established (Richart et al. 1928; Mander et al. 1988; Candappa et al. 2001; Sfer et al. 2002) that
actively-confined concrete (i.e. concrete subjected to a constant lateral confining pressure as the axial stress
increases) has the following properties: (1) the peak axial stress of concrete and the corresponding strain increase
with an increase in the confining pressure; (2) the axial stress-strain curve of concrete confined by a larger
confining pressure has a more gradual descending branch; (3) corresponding to the same axial strain, the lateral
expansion of concrete under a larger confining pressure is less; and (4) actively-confined concrete exhibits
continuous volume dilation after volume compaction, and the volumetric strain of the transition point increases
with an increase in the confining pressure; (5) the shear strength of concrete, which is directly related to the peak
value of the second deviatoric stress invariant, increases with an increase in the confining pressure.
Extensive research on FRP-confined concrete has also been conducted (Teng et al. 2007). The main
characteristics of FRP-confined concrete include: (1) an approximately bilinear axial stress-strain curve provided
the FRP jacket is reasonably stiff, the first part of which differs only slightly from the curve of unconfined
concrete while the second part of which depends on the circumferential stiffness and strength of the FRP jacket;
(2) corresponding to the same axial strain, the lateral strain of concrete confined by a stiffer FRP jacket is less;
and (3) the volumetric change depends significantly on the FRP jacket stiffness; a concrete cylinder confined by
a weak FRP jacket exhibits continuously-increasing volume dilation after volume compaction while a concrete
cylinder confined by a stiff FRP jacket exhibits continuous volume compaction (Yu et al. 2007). Teng et al.
(2007) also concluded from test results that although the lateral strain-axial strain paths of actively-confined
concrete and FRP-confined concrete are very different, the axial strain at a given lateral strain depends mainly, if
not completely, on the current confinement ratio defined as the ratio between the lateral confining pressure and
the strength of unconfined concrete.
Table 1. Summary of existing D-P type models for FRP-confined concrete
Hardening rule

D-P type model

Yield criterion

Including
strain
hardening/
softening?

Related to the
confining
pressure?

Flow rule

Fang (1999)

D-P

No

N/A

Associated flow rule

Mahfouz et al.
(2001)

D-P

Yes

No

Associated flow rule

Lan (1998)

D-P

Yes

Yes

Associated flow rule

Karabinis and
Kiousis (1994)

D-P

Yes

Yes

Non-associated flow rule with a constant
dilation angle

Karabinis and
Kiousis (1996);
Rousakis et al.
(2007)

Modified D-P with the
third deviatoric stress
invariant included

Yes

Yes

Non-associated flow rule with a constant
dilation angle

Karabinis and
Rousakis
(2002)

D-P

Yes

Yes

Non-associated flow rule with a dilation
angle varying with the plastic deformation

Mirmiran et al.
(2000);
Shahawy et al.
(2000)

D-P

No

N/A

Non-associated flow rule with a constant
dilation angle

Oh (2002)

D-P

Yes

Yes

Non-associated flow rule with a dilation
angle varying with both the plastic
deformation and the confining pressure
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EXISTING DRUCKER-PRAGER (D-P) TYPE PLASTICITY MODELS
General
The Drucker-Prager (D-P) yield criterion has been widely adopted for the modelling of confined concrete
because of its simplicity (involving only two parameters) and its capability to capture shear strength increases as
a result of hydrostatic pressure increases, which is a unique property of concrete under confinement. When a
plasticity model is based on the D-P yield criterion, it is referred to as a D-P type plasticity model. In this
section, the ability of this type of models to simulate the behaviour of both actively-confined and FRP-confined
concrete is discussed by examining the three key aspects mentioned above, namely, the yield criterion, the
hardening/softening rule, and the flow rule. Various existing D-P type models, whose key characteristics are
summarized in Table 1, are examined. In this paper, compressive stresses/strains are defined to be positive while
tensile strains/stresses are defined to be negative, unless otherwise specified.
Yield Criterion
Observations
The D-P yield and failure surfaces are represented by an inclined line in the meridian plane and by a circle in the
deviatoric plane (Figure 1). It has been noted by many researchers (e.g. Chen 1982; Lan 1998; Huang 2005) that
the shear strength of concrete under equal biaxial compression (i.e. concrete subjected to equal stresses in two
principal directions and a zero stress in the third principal direction) and that under triaxial compression are
different, even when the first stress invariant of the two cases are the same. Based on the plasticity theory, it is
known that the stress states of equal biaxial compression and triaxial compression correspond to different
circumferential positions on the failure surface in the deviatoric plane (Figure 1). The shear strength ratio
between these two cases (i.e. equal biaxial compression and triaxial compression) can be found from
experimental results or empirical equations for the strengths of concrete under equal biaxial compression and
triaxial compression. If the experimental results of Kupfer et al. (1969) are used for concrete under equal biaxial
compression and the empirical equation proposed by Richart et al. (1928) is adopted for concrete under triaxial
compression, this strength ratio is around 0.7 (Yu et al. 2007), much less than 1 as implied by the circular failure
curve. Therefore, a failure surface (i.e. a special case of the yield surface) which aims at reflecting the
experimental behaviour of concrete should account for the effect of the third deviatoric stress invariant and adopt
a non-circular failure curve in the deviatoric plane. Figure 1 shows a possible shape of such a failure surface.
Assessment of existing models
Karabinis and Kiousis (1994), Mirmiran et al. (2000), Oh (2000), Shahawy et al. (2000), and Karabinis and
Rousakis (2002) adopted the D-P yield criterion directly. Fang (1999) and Mahfouz et al. (2001) simulated
concrete using a concrete model in ABAQUS (2004), which is known as the Smeared Crack Concrete Model
and has a yield criterion which is the same as the D-P yield criterion for concrete in compression. Therefore,
these models cannot provide accurate predictions for both the strength of concrete under equal biaxial
compression and that of concrete under triaxial compression. It can also be deduced that the peak stress of
concrete under non-uniform confinement cannot be accurately predicted by these models. The stress state of
non-uniform confinement corresponds to a circumferential position between that of triaxial and that of equal
biaxial compression in the deviatoric plane (Figure 1). Therefore, the peak stress of this case cannot be
accurately predicted as the two extreme cases (i.e. equal biaxial compression and triaxial compression) cannot be
both accurately defined by the same model.
In Karabinis and Kiousis (1996) and Rousakis et al. (2007), the third deviatoric stress invariant was included in
the yield criterion, which causes the shape of the yield surface in the deviatoric plane to become non-circular.
Karabinis and Kiousis (1996) and Rousakis et al. (2007) suggested the shear strength ratio to be approximately
0.5, which is lower than the experimental value (about 0.7) as discussed above.
Strain Hardening and Softening
Observations
In classical metal plasticity models, the hardening/softening function is only a function of the equivalent plastic
strain. If this concept is adopted with the D-P yield criterion, the strain hardening/softening rule can be
determined by a single uniaxial stress-strain curve of concrete, either with or without confinement. However, it
has recently been noted (Lan 1998; Karabinis and Kiousis 1994; Oh 2002; Chen and Lan 2004; Huang 2005)
that without considering the confining pressure, the hardening/softening rule cannot provide reasonable
predictions of the enhanced ductility of confined concrete (e.g. a more gradual descending branch of the axial
stress-strain curve of concrete confined by a larger confining pressure). Some of these authors (e.g. Lan 1998;
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Oh 2002) have also proposed modified hardening/softening rules in which the confining pressure is taken as
another parameter, and presented close predictions of test results.
Assessment of existing models
Fang (1999), Mirmiran et al. (2000), and Shahawy et al. (2000) adopted an elastic-perfectly plastic model, which
is incapable of close predictions of the behaviour of confined concrete. Mahfouz et al. (2001) adopted a
hardening/softening function with the equivalent plastic strain as the only parameter, which is also inadequate
for confined concrete as explained above. Some researchers (e.g. Karabinis and Kiousis 1994; Lan 1998; Oh
2000) have included the confining pressure into the hardening/softening function. Karabinis and Kiousis (1994)
employed a complicated equation for the hardening/softening function which reflects the dependence of this
function on both the confining pressure and the plastic deformation. Lan (1998) included the effect of confining
pressure based on a set of experimental stress-strain curves of actively-confined concrete with different
confining pressures. Oh (2000) proposed a set of complicated equations to determine the hardening/softening
function. These equations included six parameters and twenty subordinate parameters and were obtained from
nonlinear regression analysis of data produced using an empirical axial stress-strain model developed by the
same author for concrete under triaxial compression. Despite the complicated form, the main parameters
controlling strain hardening/softening were still the plastic deformation and the confining pressure, for concrete
with a given unconfined strength. The above three approaches are conceptually correct and can be expected to
provide close predictions of the axial stress-strain behaviour of actively-confined concrete, if the material
parameters are suitably selected. However, in order to closely predict the behaviour of FRP-confined concrete,
an appropriate flow rule is another important issue, as discussed below.
20
15

D-P yield criterion

Triaxial compression
Non-uniform confinement

S3
Equal biaxial compression

Dilation angle (degrees)

Failure surface including the
effect of the third deviatoric
stress invariant

S1
Difference
V l = 10 MPa
from FRP
V l = 6 MPa
from FRP

10

Difference

5
0
0.000
-5
-10
-15

S2

0.010

0.020

0.030

0.040

Actively-confined concrete (6 MPa)
Actively-confined concrete (10 MPa)
FRP-confined concrete

-20
Axial plastic strain

Figure 2 Comparison between actively-confined and
FRP-confined concrete

Figure 1 Failure surfaces in the deviatoric plane
Flow Rule
Observations

While the associated flow rule was adopted in some studies (e.g. Fang 1999; Mahfouz et al. 2001), this approach
leads to overestimations of the expansion of confined concrete (e.g. Mirmiran et al. 2000; Oh 2002; Chen and
Lan 2004; Huang 2005). As stated in the preceding section, experimental observations show that activelyconfined concrete exhibits volume compaction followed by volume dilation, and furthermore, the volumetric
strain of the transition point increases with an increase in the confining pressure. This phenomenon suggests that
the dilation angle of confined concrete, which determines the direction of plastic deformation and thus
determines the ratio of the lateral (or volume) plastic strain to the axial plastic strain for concrete under triaxial
compression (Yu et al. 2007), should be related to both the plastic deformation and the confining pressure (Oh
2000). The dilation angle of actively-confined concrete can be calculated using an empirical transverse
deformation model (e.g. Teng et al. 2007) which predicts the lateral strain from a given axial strain and a given
confining pressure.
FRP-confined concrete is subjected to a passive confining pressure which increases with the axial strain.
Although the axial stress of FRP-confined concrete at a given axial strain and confining pressure can be taken to
be equal to that of actively-confined concrete with the same confining pressure and axial strain (Teng et al. 2007),
the dilation angles of the two cases are different, as explained below using Teng et al. (2007)’s analysis-oriented
stress-strain model. In Teng et al. (2007)’s model, the responses of the concrete core and the FRP jacket as well
as their interaction are explicitly considered, so both the axial stress-strain and the lateral expansion behaviour of
FRP-confined confined concrete can be predicted. Some results obtained from this model are shown in Figure 2,
in which the horizontal axis is the axial plastic strain and the vertical axis is the dilation angle. The dark solid
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curve in Figure 2 is for a concrete cylinder (concrete cylinder compressive strength = 39.6 MPa, diameter =
152.5 mm) confined by an FRP jacket with an elastic modulus of 80,100 MPa and a thickness of 0.34 mm. The
two dashed curves in Figure 2 are for actively-confined concrete with the confining pressures being 6 MPa and
10 MPa respectively. The vertical dotted line on the left represents the axial plastic strain value of FRP-confined
concrete when the confining pressure provided by the FRP jacket is equal to 6 MPa while the right vertical
dotted line represents the axial plastic strain value when the confining pressure is 10 MPa. It is evident from
Figure 2 that the dilation angle of actively-confined concrete is different from that of FRP-confined concrete
even when both have the same axial plastic strain and confining pressure. The shaded regions in Figure 2
indicate the differences between actively-confined concrete and FRP-confined concrete in the dilation angle at
the two key values of axial plastic strain. These results again suggest that a plasticity model, which relates the
flow rule to the confining pressure and is capable of accurate predictions of the behaviour of actively-confined
concrete, tends to overestimate the lateral dilation of FRP-confined concrete and in turn overestimate the axial
stress-strain behaviour.
The difference in the dilation angle between actively-confined concrete and FRP-confined concrete can be
explained as follows. For actively-confined concrete, the confining pressure is constant and is not related to the
deformation of concrete. For FRP-confined concrete and concrete subjected to other forms of passive
confinement, however, the confinement level varies with the deformation and at the same time controls the
deformation. The dilation angle of passively-confined concrete thus needs to be related to not only the confining
pressure but also the incremental ratio between the confining pressure and the lateral strain (i.e. the rate of
confinement increment). For FRP-confined concrete, this ratio is directly related to the FRP jacket stiffness.
Assessment of existing models
Fang (1999), Lan (1998) and Mahfouz et al. (2001) adopted the associated flow rule which leads to an
overestimation of the lateral expansion of confined concrete. Mirmiran et al. (2000) and Shahawy et al. (2000)
explored the use of a non-associated flow rule with a constant dilation angle equal to zero for the modelling of
FRP-confined concrete. The inability of such an assumption in predicting the dilation properties of FRP-confined
concrete is evident from available test results, as a zero dilation angle corresponds to no volume change.
Karabinis and Rousakis (2002) related the dilation angle to plastic deformation and assumed it to be a constant in
their other studies (Karabinis and Kiousis 1994, 1996; Rousakis et al. 2007). However, Karabinis and Rousakis
(2002) did not consider the variation of dilation angle with the confining pressure. This variation, however, is
evident from numerous tests as explained earlier. Oh (2002) noted the complicated deformation properties of
concrete and related the dilation angle to both plastic deformation and the confining pressure. Several equations
were proposed to express the dilation angle based on an empirical transverse deformation model proposed by the
same author and non-linear regression analysis. These equations, although complicated, reflect the variation of
the dilation angle with both the confining pressure and plastic deformation. Therefore, it can be expected that the
equations of Oh (2002) are capable of close predictions of the dilation behaviour of actively-confined concrete,
provided that his empirical model has sufficient accuracy. However, Oh’s (2000) equations cannot provide close
predictions of FRP-confined concrete, as explained in the preceding subsection.
The above discussions indicate that the flow rules adopted by all existing D-P type models cannot be expected to
provide close predictions for FRP-confined concrete. Given the dilation properties of passively-confined
concrete as discussed above, to achieve reasonably accurate predictions, the flow rule should also include the
rate of confinement increment as an important parameter, besides plastic deformation and the confining pressure.
CONCLUSIONS
From the discussions presented in this paper, it is clear that for a D-P type plasticity model to provide reasonably
accurate predictions for both actively-confined and passively-confined concrete, its needs to possess the
following three features: (1) a yield criterion that reflects the effect of the third deviatoric stress invariant; (2) a
confinement-dependent hardening/softening rule; (3) a confinement-dependent non-associated flow rule, in
which the dilation angle is related not only to the confining pressure but also to the rate of confinement
increment. If the first feature is appropriately implemented, the strength of concrete under non-uniform
confinement can be accurately predicted. If the second feature is appropriately implemented, the axial stressstrain curve of actively-confined concrete can be accurately predicted. Finally, if the third feature is
appropriately implemented, the lateral deformation of both passively-confined and actively-confined concrete
can be accurately predicted. None of the existing D-P type models includes all three features, so they cannot be
expected to provide accurate predictions for both actively-confined and passively-confined (e.g. FRP-confined)
concrete. Based on these conclusions, a modified concrete plasticity model including all three features has
recently been developed by the authors and is presented in Yu et al. (2007).
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